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Laminar heat transfer in a porous channel simulated with a two-energy
equation model☆
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Laminar heat transfer in a porous channel is numerically simulated with a two-energy equation model for
conduction and convection. Macroscopic equations for continuity, momentum and energy transport for the
fluid and solid phases are presented. The numerical methodology employed is based on the control volume
approach with a boundary-fitted non-orthogonal coordinate system. Fully developed forced convection in a
porous channel bounded by parallel plates is considered. Solutions for Nusselt numbers along the channel
are presented for laminar flows. Results simulate the effects Reynolds number Re, porosity, particle size and
solid-to-fluid thermal conductivity ratio on Nusselt sumber, Nu, which is defined for both the solid and fluid
phases. High Re, low porosities, low particle diameters and low thermal conductivity ratios promote thermal
equilibrium between phases leading to higher values of Nu.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

The assumption of local thermal equilibrium when analyzing heat
transport in porous media requires several constraints which have
been investigated in the literature [1–5]. For example, this condition is
no longer valid when the particles or pores are not small enough,
when the thermal properties differ widely, or when convective
transport is not important. Furthermore, when there is a significant
heat generation in any of the phases, the system will depart rapidly
from the local thermal equilibrium state [6]. For such extreme
conditions, the one-energy equation or one-temperature model is
inadequate to correctly describe both the transients associated with
the quench front penetrating the hot dry porous layer and regions
where dry out occurs. When the assumption of local thermal
equilibrium fails to be valid, one possible solution is to develop
separate transport equations for each phase [7–9]. This leads to
mathematical models that are referred to as thermal non-equilibrium
models, which consider distinct energy equations for each phase.
However, analyses of heat transfer in porous media based on two-
equation models are more complex because they require information
on interstitial heat transfer between phases as well as the interfacial
surface area. Due to such requirement, investigators have worked on
how to obtain the interfacial heat transfer coefficient. Examples of
such efforts are found in the work ofWakao et al. [10], who obtained a
heuristic correlation for closely packed bed and compared their
results with experimental data. Also found in the literature is a

numerical correlation for the interfacial convective heat transfer
coefficient, which was proposed by Kuwahara et al. [11] for laminar
flow and was based on porosity dependency.

Inpreviously publishedarticles, amathematicalmodel for predicting
turbulent flow in porous media has been presented [12], including
buoyant flows [13,14] as well as channel flows through porous inserts
[15], perforatedbaffles [16] and acrossmacroscopic interfaces [17]. In all
of the above, the so-called one-energy equationmodel was used, which
invoked the local thermal equilibrium between the working fluid and
solid matrix. Later, Saito and de Lemos [18] presented simulations for
laminar flows thorough the void space of rods, which were arranged in
arrays and simulated a repetitive unit cell in a model of a porous
medium. In a following article [19], a proposition of a correlation for the
interfacial heat transfer coefficient for turbulent flow in a packed bed
was presented. Results in [18,19] contributed to the development of a
macroscopic model for non-equilibrium heat transfer in porous media,
but no results for macroscopic flow were presented.

The purpose of this contribution is to combine the flow [12] and
thermal non-equilibrium [19] models for porous media and predict
macroscopic forced convection in a porous channel bounded by parallel
plates.

2. Macroscopic transport

2.1. Flow equations

Macroscopic equations obtained after volume integration over a
Representative Elementary Volume (REV) are given as [20,21],

Continuity : r · uD = 0: ð1Þ
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where the last two terms in Eq. (2) represent the Darcy and
Forchheimer contributions. The symbol K is the porous medium
permeability, cF is the form drag or Forchheimer coefficient, 〈p 〉̅i is the
intrinsic average pressure of the fluid and ϕ is the porosity of the
porousmedium. In this work, the permeability is taken as a function of
the particle diameter D as [22],

K =
/3D2

144 1−/ð Þ2 : ð3Þ

2.2. Energy equations

A two-energy equation model for convection and conduction in
porous media, considering a heat transfer coefficient between the
fluid and the solid phases, is given by the following equation set:
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where, 〈Ts〉i and 〈Tf〉
i denote the intrinsic average temperature of solid

and fluid phases, respectively, Ai is the interfacial area within the REV.
The convective transport is described in the second term on the right
hand side of Eq. (4) (see Rocamora and de Lemos [23] for details).

2.2.1. Interfacial heat transfer
In Eqs. (4) and (5) the heat transferred between the two phases

can be modeled by means of a film coefficient hi such that,

hiai hTsii − hTf ii
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1
ΔV

Z
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ni · ksrTsdA ð6Þ

where, ai=Ai /ΔV is the interfacial area per unit volume. In porous
media, the high values of ai make them attractive for transferring
thermal energy via conduction through the solid followed by
convection to a fluid stream.

As mentioned earlier, Wakao et al. [10] obtained a correlation for
closely packed bed of particle diameter D and compared their results
with experimental data. This correlation for the interfacial heat trans-
fer coefficient is given by,

hiD
kf

= 2 + 1:1Re0:6D Pr1=3: ð7Þ

Further, a numerical correlation for the interfacial convective heat
transfer coefficient was proposed by Kuwahara et al. [11] for laminar
flow as,

hiD
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= 1 +
4 1− /ð Þ
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Eq. (8) is based on porosity dependency and is valid for packed
beds of particle diameter D. In addition, Saito and de Lemos [18]
numerically calculated the interfacial heat transfer coefficient hi for
laminar flow through an infinite rod array. In their physical model, the
porous medium was considered to be formed by a large number of
regularly arranged solid square rods. This same methodology was
applied by Saito and de Lemos [19], who proposed a correlation for hi
for turbulent flow as,

hiD
kf

= 0:08
ReD
/

� �0:8
Pr1=3; for 1:0 × 104

b
ReD
/

b 2:0 × 107
;

valid for 0:2 b/ b 0:9:
ð9Þ

2.2.2. Thermal dispersion
In order to apply Eq. (4) to obtain the fluid temperature field in

porous media, the thermal dispersion term, 3rd term on the r.h.s of

Nomenclature

Latin characters
Ai interface area between fluid and solid phases
cF Forchheimer coefficient
cp fluid specific heat
D particle diameter
Da Darcy number, Da=K/H2

hi interfacial heat transfer coefficient
I unit tensor
K permeability
kf fluid thermal conductivity
ks solid thermal conductivity
Kdisp dispersion tensor
Kf,s thermal conductivity tensor for fluid phase.
Ks,f thermal conductivity tensor for solid phase.
p pressure
Pr Pr=v/α, Prandtl number
ReD Reynolds number based on D and superficial velocity

uD

T temperature
Tms average temperature of solid phase
Tmf average temperature of fluid phase
uB bulk velocity
u local velocity
uD Darcy or superficial velocity (volume average of u)
x, y Cartesian coordinates, m
X, Y non-dimensional coordinates, x/H and y/H

Greek characters
α fluid thermal diffusivity
ΔV representative elementary volume
ΔVf fluid volume inside ΔV
μ fluid dynamic viscosity
v fluid kinematic viscosity
ρ fluid density
ϕ ϕ=ΔVf /ΔV, porosity

Subscripts
w wall
s solid phase
f fluid phase
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Eq. (4), needs to be modeled as a function of the intrinsically averaged
temperature 〈Tf〉

i. To accomplish this, a gradient type diffusion model
is applied, such that:

− ρcp
� �

f
/hiui T f iiÞ = Kdisp � rhTf ii:
�

ð10Þ

Following Kuwahara and Nakayama [24] and Nakayama and
Kuwahara [25], expressions for the components of thermal dispersion
tensor can be used for PeD≥10 as,

Kdisð Þxx
kf

= 2:1
PeD

1−/ð Þ0:1 ; for longitudinal dispersion; ð11Þ

Kdisð Þyy
kf

= 0:052 1−/ð Þ0:5PeD; for transverse dispersion; ð12Þ

where (Kdisp)xx and (Kdisp)yy are the transverse and longitudinal com-
ponents of Kdisp, respectively.

2.2.3. Two-energy equation modeling
Using the models shown above for thermal dispersion and inter-

facial heat transfer, Eqs. (4) and (5) can be rewritten as:
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where, Keff,f and Keff,s are the effective conductivity tensor for fluid
and solid, respectively, given by:

Keff ;f = /kf½ �I + Kdisp; ð15Þ

Keff ;s = 1− /ð Þks½ �I; ð16Þ

and I is the unit tensor.

3. Non-dimensional parameters

The longitudinal Nusselt number is calculated for both the fluid
and solid phases and is defined as [26],

Fluid phase Nusselt number : Nuf = − 2H
Tw − Tmf

AhTf ii
Ay

 !
; ð17Þ

Solid phase Nusselt number : Nus = − 2H
Tw − Tms

AhTsii
Ay

 !
; ð18Þ

where Tmf and Tms are the average temperature of the fluid and the
solid phase, respectively, and are defined as follows;

Tmf =
R
uTf dy
uBH

;uB =
R
udy
H

; Tms =
R
Tsdy
H

: ð19Þ

4. Numerical method and boundary conditions

The problem under investigation is a flow through a channel
completely filled with a porous medium, as shown in Fig. 1. Boundary
conditions for laminar flows in porous media are similar to the clear

channel flow. The numerical method used to discretize the flow and
energy equations was the Control Volume approach. The SIMPLE
method of Patankar [27] was applied for relaxing the systems of

Fig. 1. Geometry under investigation and coordinate system.

Fig. 2. Effect ofRe on longitudinal Nusselt number.Da=10−4;ϕ=0.6;D/H=5.2×10−2;
ks/kf=25; a) ReD=10, b) ReD=1000, c) both Re, present results.
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algebraic equations. Convergence was monitored in terms of the
normalized residue, which was set to be lower than 10−9.

Boundary conditions are given by:

On the solid walls : huii = 0; hTsii = hTf ii = Tw; ð20Þ

On the entrance :uD = u inlet; hTsii = hTf ii = Tinlet: ð21Þ

5. Results and discussion

The effect of the Reynolds number is shown in Fig. 2 compared
with similar computations by Alazmi and Vafai [26]. The Reynolds
number is found to have a substantial effect on the development
length for Nu along the channel. Fig. 2c seems to indicate that for
lower Reynolds number, the thermal equilibrium condition is
achieved faster than for higher Reynolds number cases. Both solid
and fluid temperatures reach an equilibrium value along X, decreasing
the Nu difference along the channel.

Fig. 3 shows the effect of porosity on Nusselt for both phases. It is
observed from Fig. 3a and b) that the lower the porosity, the smaller
the differences between the present results and those by Alazmi and
Vafai [26]. For thermally developed flow and low porosity, both sets of
results are closer to each other. Also, the higher the porosity, the
higher the Nu number. High porosity condition means a lower
interfacial area ai, reducing the exchange of energy between phases,
leading ultimately to higher values of Nu. Fig. 3c presents similar
results in each phase for the entrance region of parallel plates.

The particle diameter, D, is directly related to the interfacial area ai
and appears in the expressions for hi. Low values for D are associated
with high interfacial areas and high interfacial film coefficients. As
such, for the same porosity smaller particle diameters promote
thermal equilibrium between phases by increasing the area of contact
between the solid and the fluid. On the other hand, larger particle
diameters tend to impair thermal equilibrium between phases, as
seen in Fig. 4a,b. Fig. 4c shows the difference between each phase for

Fig. 3. Effect of porosity on longitudinal Nusselt number, ReD=100, D/H=5.2×10−2,
ks/kf=25: a)ϕ=0.3, b) ϕ=0.6, c) both porosities, present results.

Fig. 4. Effect of D on longitudinal Nusselt number. Da=10−4; ReD=100; ϕ=0.6;
ks/kf=25; a) D/H=2.6×10−2, b) D/H=10−1, c) both D/H ratios, present results.
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distinct values of D and shows that thermal equilibrium is reached
faster for smaller particle diameters. Also shown is that the larger
particle diameters impair thermal equilibrium, affecting temperature
distributions and leading to lower Nu numbers for both phases.

Fig. 5 shows the effect of thermal conductivity ratio onNu. As seen in
Fig. 5a and b, a lower conductivity ratio enhances thermal equilibrium
by reducing temperature differences between phases. Fig. 5c presents a
comparison of Nusselt numbers indicating that for a high conductivity
ratio, impairment on the exchange of energy between phases affects
local temperature values, ultimately reducing corresponding Nusselt
numbers.

Finally, Fig. 6 shows a comparison of present results and those by
Wakao et al. [10] and Kuwahara et al. [11] correlations in addition to
results by Alazmi and Vafai [26]. It is clearly seen from Fig. 6 that a
reasonable agreement is found between the predictions, except for
the Kuwahara correlation [11] for the fluid phase Nusselt number,
which is slightly higher. This discrepancy could be explained due to

the fact that predictions by Alazmi and Vafai [26] were obtained with
Wakao correlation [10], which is calculated considering ai based on
circular rods instead of square rods.

6. Concluding remarks

Fully developed forced convection in a porous channel bounded by
parallel plates based on a two-energy equation model is analyzed.
Details are presented for determining Nusselt numbers for laminar
flows in a porous medium. Results simulate the effects of Re, ϕ, D and
ks/kf on Nu. High Re, low porosities, low particle diameters and low
thermal conductivity ratios promote thermal equilibrium between
phases, eventually leading to higher values of Nu for both the fluid
and the solid. Further work will be carried out in order to simulate
fully turbulent flow and heat transfer in a porous medium with the
macroscopic two-energy equation model.
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